
  
Abstract— In this paper, a pricing-inventory model with multiple 

interdependent products and stochastic demand is studied. In the 
relevant literature, there are many researches that are related to 
optimizing the inventory or price independently and also optimizing 
joint inventory and pricing for single product. But joint optimization 
of inventory and pricing for multiple interdependent products is 
relatively new and still there are many potential research gaps in this 
area. Models with additive and multiplicative demand uncertainty are 
developed. Then a genetic algorithm is developed and its parameters 
are tuned to solve the models. We investigate the efficiency of 
proposed GA. Results are good and satisfying. Finally the effect of 
products interdependency is investigated.  Results show that this 
effect is very large and significant for both additive and 
multiplicative demand uncertainty models. 
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I. INTRODUCTION AND LITERATURE REVIEW 
In this research, two multi-product constrained joint pricing-
inventory models have been developed. Products 
interdependency (substitution or complementarity) is an 
important economic implication that one can easily see it in 
the real world, but a little work has been done on considering 
this important implication in RM. We consider two types of 
demand functions: additive and multiplicative demand 
functions to construct the models. There is one period and a 
static price should be set for each product. It should be 
mentioned here that solving static pricing models in the 
relatively short periods of time approximates the dynamic 
pricing policy fairly well. This useful approach makes the 
pricing problem much easier to deal with [1]. Uncertain 
parameters in the demand function, like some existing 
literature, are assumed to be uniformly distributed [2]. This 
article extends the Kuyumcu and Popescu model [3], with 
uncertain demand. The models have extensive applications in 
businesses like hotel chains, rental cars, airlines and also in 
manufacturing companies.  

Galego & Van Ryzin [3] considered a multiproduct 
dynamic pricing problem and suggested two heuristics for 
solving it. Besbes [4] extended the work of Galego and van 
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Ryzin [3] when the demand function is unknown. He 
developed a linear programming based algorithm when the 
feasible set of prices is finite and proved that this algorithm is 
asymptotically optimal. Watewai [5] considered the stochastic 
optimization approach and their applications to multi-product 
robust dynamic pricing. Products consume shared resources 
and also are considered being interdependent. Bertsimas and 
De Boer [6] considered the multi-product dynamic pricing and 
inventory control problem. Huang [7] used a two stage 
stochastic programming approach to model and solve a 
capacity investment and pricing problem for tow substitute 
products. Bitran & Caldentey [8] provided a good overview of 
pricing models for revenue management.  Elmaghraby & 
Keskinocak [9] presented a broad overview of dynamic 
pricing models and their applications. Chiang & Chen [10] 
and McGill & Van Ryzin [11] provided a good review on 
revenue management issues. Weatherford & Bodily [12] 
provided an overview on yield management and pricing 

 
II. Problem Formulation 

A. Problem Definition 
The problem deals with a firm that uses a set of limited 

resources to offer some interdependent products, to satisfy 
price dependent uncertain demand. There is a fixed shortage 
cost per unsatisfied unit of each product's demand. Since the 
resources have used to produce unsold units of a product, 
could be used to produce more amounts of the other products 
and so potentially increase the profit, there is also a fixed 
opportunity cost per unsold unit of each product. The problem 
aims to maximize the net profit. Decision variables are the 
price of each product and the amount of each product that 
should be offered in the market.  

 

B. Notation 
The parameters that are used to formulate the problem are as 
follows. 

R: Number of resources. 

N: Number of products. 

𝑒𝑖: The maximum potential demand of product i, when its 
price is zero. 

𝐵: Products interdependency matrix. 

𝑑𝑖: Mean demand of product i, that is equal to 𝑒𝑖 + ∑ 𝑏𝑖𝑗𝑝𝑗𝑗 .   
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𝐷𝑖: Realized demand of the iP

th
P product. 

𝛼𝑖: Multiplicative demand uncertainty parameter for product i. 

𝛽i: Additive demand uncertainty parameter for the product i. 

𝜋𝑖: Fixed shortage cost per any unit of unsatisfied demand for 
the iP

th
P product. 

ℎ𝑖 : Fixed opportunity cost per any unsold unit of the iP

th
P 

product. 

E(.): Expected value function. 

f (.): Probability distribution function. 

C: Vector of resources. 

𝑝𝑖𝑚𝑖𝑛: Minimum allowable price for the iP

th
P product. 

𝑝𝑖𝑚𝑎𝑥: Maximum allowable price for the iP

th
P product. 

A: Bill of materials matrix. 

B is a square matrix of order N that its elements are 
𝑏𝑖𝑗s. A is a matrix of order 𝑅 × 𝑁 that its elements 
are nonnegative integer values. C is a vector of 
order R that its elements are positive integer values. 
Decision variables are as follows. 
𝑝i: Price for the iP

th
P product. 

𝑞𝑖: Amount of the iP

th
P product that should be offered. 

Now, based on the introduced notations, the 
models will be presented. 

 

C. 7BThe Model 
The general model can be formulated as follows: 
𝑀𝑎𝑥 𝑧 = ∑ 𝑝𝑖𝑖 𝐸[min(𝐷𝑖 , 𝑞𝑖)] − ∑ 𝜋𝑖𝐸(𝐷𝑖 −𝑖
𝑞𝑖)+ − ∑ ℎ𝑖𝐸(𝑞𝑖 − 𝐷𝑖)+𝑖   
𝐴𝑞 ≤ 𝐶        (1)  
𝑑𝑖 = 𝑒𝑖 + ∑ 𝑏𝑖𝑗𝑝𝑗𝑁

𝑗=1  , 𝑖 = 1,2, … ,𝑁     (2)  

𝑝𝑖𝑚𝑖𝑛 ≤ 𝑝𝑖 ≤ 𝑝𝑖𝑚𝑎𝑥, 𝑖 = 1,2, … ,𝑁     (3)  
𝑞i ≥ 0, 𝑖 = 1,2, … ,𝑁                   (4) 
𝑑𝑖 ≥ 0, 𝑖 = 1,2, … ,𝑁                             (5) 
To simplify, we briefly refer constraints' polyhedral 
as 𝑝, 𝑞,𝑑 ∈ 𝑆.  
Based on two facts that  (𝑥 − 𝑦)+ = x − min{x, y} 
and 𝐸(𝐷𝑖) = 𝑑𝑖, the objective function can be 
rewritten as follows. 
𝑀𝑎𝑥 𝑧 =  ∑ (𝑝𝑖 + 𝜋𝑖 + ℎ𝑖)𝐸[min(𝐷𝑖 , 𝑞𝑖)] −𝑖
∑ (𝜋𝑖𝑑𝑖𝑖 + ℎ𝑖qi)                                      (6) 
The demand of each product is randomly distributed 
around its mean, i.e. 𝐷i = 𝑑𝑖 + 𝛽𝑖. Where 𝛽𝑖 is a 

mean zero random variable. So we have the 
following equation. 

𝐸[min(𝐷𝑖 , 𝑞𝑖)] =  ∫ (𝑑𝑖 + 𝛽𝑖)𝑓(𝛽𝑖)𝑑𝛽𝑖
𝑞𝑖−𝑑𝑖
−∞ +

∫ 𝑞𝑖𝑓(𝛽𝑖)𝑑𝛽𝑖
∞
𝑞𝑖−𝑑𝑖            (7)                                          

Thus in this case, the objective function (6) can be 
written as follows: 

𝑀𝑎𝑥 𝑧 = ∑ (𝑝𝑖 + 𝜋𝑖 + ℎ𝑖) � ∫ (𝑑𝑖 +𝑞𝑖−𝑑𝑖
−∞𝑖

𝛽𝑖)𝑓(𝛽𝑖)𝑑𝛽𝑖 + ∫ 𝑞𝑖𝑓(𝛽𝑖)𝑑𝛽𝑖
∞
𝑞𝑖−𝑑𝑖 � − ∑ (𝛱𝑖𝑑𝑖+ℎ𝑖qi)𝑖  

                                       (8) 
Subject to: 𝑝, 𝑞,𝑑 ∈ 𝑆 
By assuming that 𝛽𝑖 is uniformly distributed 
on [−𝑛𝑖 ,𝑛𝑖], the model (8) is reduced to the 
following closed form: 

𝑀𝑎𝑥 𝑧 = ∑ (𝑝𝑖 + πi + hi)𝑖 �−𝑑𝑖
2

4𝑛𝑖
+ 𝑑𝑖

2
+ 𝑑𝑖𝑞𝑖

2𝑛𝑖
− 𝑞𝑖2

4𝑛𝑖
+

𝑞𝑖
2
− 𝑛𝑖

4
� − ∑ (πidi + hiqi)i    (9)                         

Subject to: 𝑝, 𝑞,𝑑 ∈ 𝑆 
 

1BIII. GENETIC ALGORITHM 
In this section a genetic algorithm will be developed to solve 
additive and multiplicative models. We use a real valued 
chromosome; with length of 2n where n is the number of 
products. In each chromosome, genes 1,2,…,n represent the 
price of products and genes n+1,n+2,…,2n represent the 
amount of products that should be offered. In order to generate 
the initial population we generate the prices randomly but the 
relative inventory sub problem is solved to determine the 
quantity of products that should be offered. In this way we 
assure that solutions of the first population are feasible, good 
and also have enough diversity.  

We consider the bounds on price and constraints on resources 
to produce the feasible solutions in generating the initial 
population and also applying the genetic operators. We use the 
Roulette wheel selection method to select the parents.  

The crossover method that we used in this research, 
determines the value of each gene in the child chromosomes 
as a convex Combination of the values of related genes in the 
parent chromosomes. In the other words we have the 
following relations. 

𝑐ℎ𝑖𝑙𝑑1 = 𝛽 × 𝑝𝑎𝑟𝑒𝑛𝑡1 + (1 − 𝛽) × 𝑝𝑎𝑟𝑒𝑛𝑡2                                            
(10) 

𝑐ℎ𝑖𝑙𝑑2 = (1 − 𝛽) × 𝑝𝑎𝑟𝑒𝑛𝑡2 + 𝛽 × 𝑝𝑎𝑟𝑒𝑛𝑡2                                               
(11) 

𝛽 = 0.5 + 𝑁(0, 1
15

)                              (12) 
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The mutation method that we used in this research produces 
the new value of each gene in the child chromosome by 
adding a random normal number to the related gene in parent: 

𝑐ℎ𝑖𝑙𝑑(𝑖)   = 𝑐ℎ𝑖𝑙𝑑(𝑖) + 𝑁(0,𝑀𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑆𝐷 × 𝑐ℎ𝑖𝑙𝑑(𝑖)
3

)             
                                          (13) 
Where, the Mutation SD is one of the parameters of GA. We 
use the elitism mechanism for replacement. The algorithm 
stops when there is no improvement in consecutive iterations. 

 

A. 8BTuning the GA Parameters 
There are different approaches to determine the parameter 
values. Their values can change efficiently while GA 
progresses (Adaptive GA). A common method is using the 
design of experiments and response surface methodology to 
tune these them. This is the method that is used in this 
research. A good and comprehensive overview to RSM can be 
found in [13]. References [14] and [15] provide good 
knowledge about design of experiments and also a brief 
introduction to RSM. The parameters of proposed GA are 
tuned via applying a design of experiment approach. The best 
results for the GA parameters are shown in Table 1. 

 

Table 1. The best values of GA parameters 
Parameter Optimal Value 

Population size 13n 
Cross over rate 1.00 
Mutation rate 0.02 
Mutation SD 2.20 

 

2BIV. NUMERICAL EXPERIMENTS 
In order to investigate the efficiency of GA, for each test 
problem, we used the ratio of the objective value of GA to the 
objective value of Lingo software, as a measure of 
performance. We considered 90 sample problems in 3 classes. 
The number of products and resources for each class in 
represented in table 2. 

Table 2. Measure of performance statistics 
Class Average Standard 

Deviation 
Minimum Maximum 

C1 1.14 0.14 0.92 1.38 
C2 1.10 0.12 0.87 1.31 
C3 1.07 0.12 0.85 1.29 

 
In order to investigate the products interdependency effect, the 
products interdependency was ignored and it was assumed that 
demand of each product is a function of the price of that 
product only. This approximated objective function was used 
to solve the problems. Then the solution is substituted in the 
exact objective function. Finally, the following relation is 
defined to get a measure of products interdependency MPI= 
𝑧∗−𝑧𝑤𝑖
𝑧∗

. Where, 𝑧∗ is the optimal value of exact objective 
function and 𝑧𝑤𝑖 is the value of exact objective function for 

the solution that maximizes the approximated objective 
function. The statistics of the measure of products 
interdependency is represented in tables 3. 

Table 3. Statistics of measure of products interdependency 
Class Average Standard 

Deviation 
Minimum Maximum 

C1 0.76 0.27 0.10 1.20 
C2 1.20 0.50 0.40 2.00 
C3 1.72 0.76 0.70 3.10 

 

3BV. CONCLUSION AND FUTURE RESEARCHES 
In this research, two multiple products inventory-pricing 
models with additive and multiplicative demand uncertainty 
were developed. We developed a genetic algorithm to solve 
the models and tuned its parameters using response surface 
methodology. Then the efficiency of GA is investigated. 
Results were satisfying. Finally the effect of product 
interdependency is investigated. Results showed that these 
effects are very large and significant and should be considered 
if they exist. 
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